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Anisotropic Field-of-View Support for Golden Angle

Radial Imaging

Ziyue Wu, ?* Fei Han,? Peng Hu,? and Krishna S. Nayak2

Purpose: To provide anisotropic field-of-view (FOV) support
for golden angle radial imaging.

Theory and Methods: In radial imaging, uniform spoke den-
sity leads to a circular FOV, which is excessive for objects
with anisotropic dimensions. Larson et al previously showed
that the angular k-space spoke density can be determined by
the desired anisotropic FOV. We show that conventional
golden angle sampling can be deployed in an angle-
normalized space and transformed back to k-space such that
the desired nonuniform spoke density is preserved for arbitrary
temporal window length. Elliptical FOVs were used to illustrate
this generalized mapping approach. Point-spread-function and
spoke density analysis was performed. Phantom and in vivo
cardiac images were acquired.

Results: Simulations, phantom, and in vivo experiments con-
firmed that the proposed method is able to achieve aniso-
tropic FOV while still maintaining the benefits of golden angle
sampling. This approach requires 50% less spokes for ellipti-
cal FOV with major-to-minor-axis ratio of 1:0.3, when com-
pared with isotropic FOV with the same undersampling factor.

Conclusion: We demonstrate a simple method for applying
golden angle view ordering to anisotropic FOV radial imaging.
This can reduce imaging time for objects with anisotropic
dimensions while still allowing arbitrary temporal window
selection. Magn Reson Med 76:229-236, 2016. © 2015 Wiley
Periodicals, Inc.

Key words: anisotropic FOV; golden angle radial imaging;
radial imaging; scan efficiency

INTRODUCTION

Radial sampling techniques have been used extensively
in medical imaging since the invention of computed
tomography (CT) (1). It was also used in the first MRI
experiment (2) and remains popular in the MRI commu-
nity. Radial MRI supports ultra-short echo times (3) and
is known to be robust to flow (4) and motion (5). It also

"Department of Biomedical Engineering, University of Southern California,
Los Angeles, California, USA.

2Ming Hsieh Department of Electrical Engineering, University of Southern
California, Los Angeles, California, USA.

SDepartment of Radiological Sciences, University of California, Los
Angeles, California, USA

Grant sponsor: NIH; Grant number: RO1-HL105210.

*Correspondence to: Ziyue Wu, MS, 3740 McClintock Avenue, EEB 400,
University of Southern California, Los Angeles, CA 90089-2564.

E-mail: ziyuewu@usc.edu

Received 18 April 2015; revised 26 July 2015; accepted 27 July 2015

DOI 10.1002/mrm.25898
Published online 24 August 2015 in Wiley Online Library (wileyonlinelibrary.
com).

© 2015 Wiley Periodicals, Inc.

provides a diffuse aliasing pattern (5) and, therefore, is
less sensitive to undersampling. Although Cartesian sam-
pling dominates most clinical MRI today, radial trajecto-
ries are still preferred in many applications, including
dynamic imaging, due to these favorable properties.

Standard implementations of radial imaging do not sup-
port anisotropic field-of-view (FOV), which leads to sam-
pling redundancy and unnecessary scan time when the
object being imaged has anisotropic in-plane dimensions
(abdomen, spine, etc.). This problem was addressed by
Larson et al, who proposed a method of designing fully
sampled radial trajectories with variable densities
matched to the anisotropic FOV (6). However, this method
alone cannot be applied with golden angle (GA) view
ordering, which was first applied in MRI by Winkelmann
et al (7), and has become an important acquisition scheme
for dynamic imaging applications. GA sampling has the
important feature of nearly uniform radial spoke distribu-
tion for any arbitrary temporal window. The temporal
window size, therefore, can be retrospectively selected.
Prior knowledge of the expected motion dynamics and
requisite temporal resolution has become less critical.

Because radial MRI is particularly useful in dynamic
applications, the work of this study is to extend Larson’s
method and provide anisotropic FOV support for GA
radial imaging. The conventional GA sampling is modi-
fied to follow the desired spoke density for any predeter-
mined FOV shape instead of a uniform distribution,
which provides a circular FOV. We used elliptical FOVs
for demonstration; however, the approach is compatible
with any arbitrary convex FOV.

THEORY

In radial MRI, when a convex FOV is desired, it can be
expressed as a function of the azimuthal angle FOV(0).
Because the density of spokes f(6) o ﬁ(ﬂ) ~ kmax(0)FOV
(6 +m/2) (6), an efficient GA sampling scheme should
maintain f(0) in physical k-space corresponding to the
given FOV shape, for any arbitrary temporal window.
Here, f(6) is in general not constant, and can be deter-
mined by the FOV shape. Now consider an angle-
normalized space where the angles 6' €[0,1). In this
space, the angle of the i spoke ©'[i] is sampled by the
conventional GA scheme:

e'm:modLL i=1.2.3. . [1]

) l ?
+V/5 ]
This leads to an approximately uniform distribution of
the spokes in the 6" space, i.e. f(8') =1, and, therefore,
nearly isotropic FOV for arbitrary temporal windows.
The problem now becomes to find a parametric mapping
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FIG. 1. Generation of golden angle radial trajectory for anisotropic FOV. a: A fully sampled radial trajectory, indexed by [0, N), is first
determined for the desired FOV. The index of the /" GA spoke indggl[i] is also calculated. b: The fully sampled trajectory from a) can be
described by 6z, (yellow dots) and used to generate a continuous mapping function between the index and 6 by any interpolation
method. Piecewise linear interpolation is used here (blue curve). 68[i] can be determined based on the curve. This approach is equivalent
to finding T{0'} by finding an approximation of F~'(¢') that is easier to compute. In the case of piecewise linear interpolation, it is the
same as generating a piecewise linear approximation of F~1(¢'). The range of ¢ is [0,1), which corresponds to the index range [0 N).
The numerically computed optimal F~'(0') is also plotted (red curve) for comparison. A small FOV (X:Y = 25:5 pixels, resulting in N =

15) is purposely chosen in the figure for better visualization.

0[i] = T{0'[i]} such that f(T{6'}) = f(6). T{0'[i]} can then
be used to transform 6’ back to the physical k-space to
get the angle in real acquisition 6[i]. Based on the inverse
transform sampling (8): if 6" is uniformly distributed
on [0,1), then 6 = F~1(¢') follows distribution F, where
F is the cumulative distribution function of 6. Therefore,
T{0'[i]} is exactly the inverse cumulative distribution
function: T{0'[i]} = F~1(6'[i]). T{-} is in general difficult
to calculate analytically (see the Appendix), and may be
solved numerically by approximating F~1(0') with a
function easier to compute.

METHODS

Without loss of generality, we consider an elliptical FOV
with isotropic spatial resolution as an example. Because
F~1(0) is very complex for elliptical FOVs, a practical
interpolation approach is used here without explicitly
calculating F~1(6). This interpolation approach can also
be extended to any convex FOV shape. As illustrated in
Figure 1a, first, the fully sampled radial trajectory was
computed for the desired elliptical FOV using the Larson
method (6), based on

_ 1

Abpp[n] = kimaxFOV (B[] 4+ m/2)

(2]

where the angles of the spokes are noted as 6p;n],
n=10,1,...,N), and A8y,;[n] are the angle increments. N
is the total number of spokes. Further fine adjustments
were performed to improve trajectory symmetry, as
described in detail in (6). Second, the index for the i
GA spoke in the physical k-space was normalized to
have the same range as the fully sampled spokes, by
multiplying ¢’ by N:

indga[i]:N*mod[l jj\/g,l} —N=«0'li], i
=[0,1,..., c0). [3]

Next, the fully sampled trajectory calculated previously,
as described by 6, (yellow dots in Figure 1b), can be
used to generate a continuous mapping function between
the index [0 N) and 6 by any interpolation method. In
the simplest form of linear interpolation (blue curve), 6]i]
for the i'™ GA spoke is computed by
0[] = 0 AL]) + D[] * Abpua[A[i] [4]

where A[i], D[i] are the integer and decimal part of ind,,
respectively, i.e., Ali] = [ind,[i]], Dli] = indg,[i]-Al].

This practical interpolation approach is in fact equiv-
alent to finding T{6'} by finding an approximation of
F~1(0') that is easier to compute. In the case of piece-
wise linear interpolation (Fig. 1b), it is the same as
generating a piecewise linear approximation of F~1(¢')
(blue curve), based on which 6[i] can be determined
from its corresponding 6'[i]. The numerically computed
optimal F~1(#) is also plotted (red curve) for comparison.

One elliptical FOV (major:minor axis = 100:20 pixels)
was generated using the approach above and used as an
example to perform further analysis. The point-spread-
functions (PSFs) of the proposed sampling schemes were
generated to analyze the main lobe and side lobes inside
the desired FOV. The normalized spoke density histo-
grams for different temporal window lengths and across
different temporal windows were also compared with
the optimal density distribution f£(6).

The proposed sampling scheme was implemented on a
3T Signa HDxt scanner (GE Heathcare, Milwaukee, WI).
Phantom images were acquired and compared against



Anisotropic FOV for Golden Angle Radial

N =60

231

normalized intensity
o]

-10 |
pixel

FIG. 2. PSFs of for an elliptical FOV (X:Y = 100:20 pixels). a: Fully sampled radial sampling using the Larson method (N = 60). White
dash line represents the desired FOV. b-d: Three consecutive temporal frames using the modified GA sampling, with spoke per frame
equal to the next Fibonacci number 89. e: One temporal frame using conventional GA sampling, also with 89 spokes. f,g: Plot of the
major and minor axes of the PSFs between the arrows, with colors corresponding to (b—e), respectively. The fully sampled plots in a)
are also shown for comparison (red dash lines). Shaded areas represent the desired FOVs.

conventional GA sampling as well as the Larson’s
method. It was also implemented on a 1.5T Magnetom
Avanto scanner (Siemens Healthcare, Erlangen, Germany).
In vivo horizontal long-axis cardiac images were acquired
using a real-time radial gradient echo sequence in one
healthy volunteer. The proposed method with elliptical
and rectangular FOV with major-to-minor-axis ratio 1:0.4
were compared with conventional GA sampling. Imaging
parameters: FOV 320 mm x 320 mm (conventional GA)
or 320 mm x 128 mm (elliptical/rectangular), 480 samples
per readout, flip angle 85°, TE/TR 1.5/3.75 ms, acquisition
time 128 ms (34 spokes) or 206 ms (55 spokes) per frame.

The sampling pattern generation and the reconstruc-
tion were also implemented in MATLAB (Mathworks,
Natick, MA) and can be downloaded at http://mrel.usc.
edu/share.html. All images were reconstructed using the
gridding algorithm (9), with sampling density compensa-
tion factor calculated by the Voronoi approach (10).

To quantify the benefit of elliptical FOV imaging, the
number of spokes required were compared between the fully
sampled circular FOV trajectories and elliptical FOV trajec-
tories with different major-to-minor-axis ratios. This compar-
ison was also used for the same undersampling factor in
both cases.

RESULTS

Figures 2 and 3 contain representative results for an ellipti-
cal FOV (major : minor axis = 100:20 pixels). Figure 2a con-
tains the PSF of the fully sampled radial trajectory using the
Larson method (60 spokes). Figures 2b—d contain the PSFs

using the proposed GA trajectories. Three consecutive tem-
poral frames with spokes equal to the next Fibonacci number
(Nga = 89) are shown. One temporal frame of conventional
GA sampling with 89 spokes is also shown in Figure 2e. The
desired FOV is plotted on top (white dash lines). Figures 2f,g
plot the major and minor axes of the PSFs between the
arrows, with colors that correspond to b—e, respectively. The
fully sampled plots in (a) are also shown for comparison (red
dash lines). Shaded areas represent the desired FOVs. While
small residual side lobes still exist inside the desired FOV
using the proposed method, they are at least ~100x smaller
when the spoke number is increased to the next Fibonacci
number. Also note these side lobes are incoherent at differ-
ent temporal frames. Conventional GA sampling produces
significantly larger side lobes along the major axis.

Figure 3 compares the sampling patterns using the
proposed method with different spoke numbers. Both
Fibonacci {34, 55, 89} and non-Fibonacci {24, 40, 70}
numbers are shown. The FOV ratio is identical to what
is used in Figure 2. The corresponding normalized spoke
density histogram is averaged over 100 frames. Error bars
in Figure 3 represent plus or minus 1 SD within each
bin. Each red line in Figure 3 represents the optimal
spoke density distribution for this FOV, i.e.:

£(6) = 0022(6)+sin(jz(9) / / 6022(6)+sin;z(6) o

(5]
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FIG. 8. Sampling patterns using the proposed method. The same elliptical FOV ratio (100:20) in Figure 2 is used. One temporal frame is
shown for each temporal width (number of spokes). The corresponding normalized spoke density histogram is averaged over 100
frames and listed below. Error bars for each bin represent plus or minus one standard deviation. The optimal spoke density distribution

is also plotted (red line).

where a and b are the major and minor axes of the ellip-
tical FOV in pixel units (100, 20 in this example). The
normalized density histograms indicate that the spoke
distributions are very stable for different temporal win-
dow length, and across different temporal frames. They
always follow the optimal densities f(6).

Figure 4 contains images of a ball phantom and an
ultrafine resolution phantom placed side by side and

acquired using different methods for comparison. All
images have 400 x 120 pixels with 0.75 mm isotropic
resolution. Figures 4a,c were acquired using conven-
tional GA. Figures 4b,d were acquired with the proposed
GA for elliptical FOV. Figure 4e was acquired with Lar-
son’s method satisfying Nyquist rate. The number of
spokes used in Figures 4a—e were 144, 144, 315, 315,
and 315, respectively. The proposed GA sampling
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FIG. 4. Comparison of phantom images with different FOVs. All images have 0.75 mm isotropic resolution, 400 x 120 pixels. a,c: Con-
ventional GA sampling, (b,d) proposed GA sampling for elliptical FOV. a,b: Both use 144 spokes; (c,d) both use 315 spokes. Note the
significantly reduced streaking artifacts in (b,d). e: Larson’s method satisfying Nyquist rate (315 spokes). f: Proposed GA sampling satis-
fying Nyquist rate (377 spokes), the image quality is comparable to (e). The unaliased FOV shapes are also shown (white dashed lines)
for each sampling scheme. One region (white rectangle) is enlarged in the bottom row to better illustrate streaking artifacts due to

undersampling.

satisfying the Nyquist rate (N = 377) is also listed in Fig-
ure 4f. The unaliased FOV shapes are plotted in white
dashed lines for each sampling scheme. The enlarged
regions within the white rectangle are also shown to bet-
ter illustrate streaking artifacts. The strong streaking arti-
facts that exist in Figures 4a,c are significantly reduced
with the proposed sampling in Figures 4b,d without
increasing the number of samples. When Nyquist sam-
pling rate is met, the streaking artifacts are further
reduced inside the FOV (Fig. 4f) and the image quality is
comparable to the Larson’s method (Fig. 4e).

Figure 5 compares real-time horizontal long-axis-view
cardiac images with different sampling schemes. The top
row shows one diastolic frame with 34 spokes recon-
structed with gridding using conventional GA, proposed
GA with rectangular and elliptical FOV (major-to-minor-
axis ratio 1:0.4) sampling respectively. The unaliased FOV
shapes are plotted in white dashed lines for each sampling
scheme. The enlarged region of interest, together with
another systolic frame are shown. The bottom rows show
two frames from the same acquisition reconstructed with
55 spokes. Excess streaking artifacts can be observed in all
conventional GA cases (white arrows).

Supporting Figure S1, which is available online, plots
the percentage of data needed for the elliptical FOV when
compared with the circular FOV radial sampling with the
same acceleration factor, as a function of the major-to-
minor-axis ratio. In the example provided in Figure 4
where the ratio is 0.3, it corresponds to a 50% reduction in
scan time.

DISCUSSION

Figures 2 and 3 indicate that the proposed method is
able to achieve anisotropic FOV support using a GA sam-
pling scheme. When the same number of spokes as in

the fully sampled trajectory are used, the PSFs will
exhibit minor side lobes inside the desired FOV, due to
the nature of imperfect uniform distribution of GA
spokes, especially when the number of spokes per frame
is small and/or not a Fibonacci number. In applications
where undersampling is not desired, the maximum azi-
muthal gap for conventional GA has been calculated in
Winkelmann et al (7):

g(1—g)"'m F(2i) < Ngo < F(2i + 1)
Aemax(Nga) = . [6]
(1-g)'m F(2i+1) < Ny < F(2i +2)

where g = 2/(1 +1/5), and F(k) is the Fibonacci number
for k > 0. For elliptical FOV, this can be directly applied
in the angle-normalized 6’ space to choose the spoke
number that satisfies
ABmax(Nga) /T = AW,

max

(NgU) S Aej\lyquist

=1/N [7]
to avoid undersampling, where N is the spoke number
for the fully sampled trajectory determined by the Larson
method. In our example (Fig. 2), this results in Ng,= 89,
which leads to significant aliasing reduction. The
remaining low-level aliasing inside the FOV is likely due
to (a) imperfect parametric mapping when piecewise lin-
ear interpolation is used; and (b) the finite width of ali-
asing lobes is not accounted for in the Larson method, as
discussed in detail in (6). Note that aliasing was insignif-
icant (at least ~100x lower than the main lobe in the
provided example) and should be negligible for most
clinical applications.

When Nyquist sampling is not required, as in most of
the dynamic GA applications, the proposed method
nicely combines the benefits of anisotropic FOV and the
GA sampling scheme. Figures 2f and g indicate that the


http://onlinelibrary.wiley.com/store/10.1002/mrm.25898/asset/supinfo/mrm25898-sup-0001-suppinfofig.docx?v=1&s=84c7c90d3f7a0db020d6d408ff2ad47813d6b70c

234

conventional GA with ~ proposed GA with

circular FOV rectangular FOV
n
(o]
v
o
o
n
<
(an]
n
[¢)]
v
o
o
n
<
™
wn
(o]
4
o
3
n
0
0

PSFs of the proposed trajectories are stable (main lobe)
and incoherent (side lobes) over time. This is desired for
undersampled dynamic imaging, as it is intrinsically
compatible with compressed sensing reconstruction (11).
Figure 3 demonstrates that the modified GA sampling is
able to maintain the desired spoke distribution for aniso-
tropic FOV for arbitrary window sizes. Similar to con-
ventional GA, optimal results can be obtained when a
Fibonacci number is used for the window size.

Figure 4 shows that the proposed method can signifi-
cantly reduce streaking artifacts for the same acquisition

Wu et al.

proposed GA with
elliptical FOV

FIG. 5. Comparison of horizontal long-axis
cardiac images with different FOV shapes.
Real-time acquisition with breath-hold
were used for all images. Top: diastolic
frame with 34 spokes reconstructed with
gridding using conventional GA, proposed
GA with rectangular and elliptical FOV
(major-to-minor-axis ratio 1:0.4) sampling
respectively. The unaliased FOV shapes
are shown (white dashed contour) for each
sampling scheme. The enlarged region of
interest, together with another systolic
frame are also shown. Bottom: two frames
from the same acquisition reconstructed
with 55 spokes. The conventional GA
cases contain a visibly larger amount of
streaking artifact due to undersampling
(white arrows).

time when compared with conventional GA. It can also
achieve comparable image quality as Larson’s method
when Nyquist sampling is satisfied.

In vivo results also confirm that less streaking can be
observed with the proposed method after gridding (Fig.
5). Because less aliasing needs to be resolved compared
with conventional GA sampling, a higher acceleration
factor can be expected after combining with parallel
imaging and/or constrained reconstruction. Also notice
that while both have better perfomance than conven-
tional GA sampling, the differences between elliptical
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and rectangular FOV samplings are difficult to detect.
This suggests that the proposed method is insensitive to
small differences in the FOV shape when heavy under-
sampling is used.

The benefit of anisotropic FOV radial imaging
increases with FOV asymmetry. For elliptical FOV, it
can be expressed as a function of the major-to-minor-axis
ratio, as plotted in supporting Figure S1. The gain could
be most significant in applications such as dynamic
contrast-enhanced spine or leg imaging where the major-
to-minor-axis ratio can be 1:0.3 or higher. In these appli-
cations, time-intensity curves of properties like blood or
bone marrow perfusion are often measured (12-14) but
the optimal trade-offs between the temporal resolution
and SNR for accurate measurements are difficult to
know in advance. The proposed method not only makes
radial sampling much more efficient but also makes such
prior knowledge less critical. The optimal temporal reso-
lution can be determined retrospectively. Even in the
case of cardiac or abdominal imaging where the ratio is
approximately 1:0.5, a 33% scan time reduction can still
be achieved. This is particularly useful for real-time
applications where the acquisition window is short and
underdamping is inevitable (15,16).

The piecewise linear interpolation approach should
be able to serve as a good approximation for FOV ranges
in most clinical applications. In our experience, only in
the cases of extremely small and asymmetric FOV (in
pixel units), where N < 10 for fully sampled radial tra-
jectory and X/Y > 5, did the R* values between the
optimal and approximated F~'(6) drop below 0.99. In
such cases, a higher order spline interpolation can be
used. Alternatively, piecewise linear interpolation can
always be applied on a larger FOV with the same shape,
so that f(8) does not change.

The proposed method is also compatible with any
other sampling scheme that targets uniform spoke den-
sity distribution besides golden angle. One example is
the recent work on “small golden angles” by Wundrak
et al (17), in which a set of azimuthal angle increments
smaller than the golden angle were found to give
nearly uniform spoke distributions as long as certain
minimum number of spokes are used. This is particu-
lar useful to reduce eddy currents in balanced-SSFP
radial MRI.

Recently the combination of parallel imaging, con-
strained reconstruction, and conventional GA sam-
pling has become increasingly popular to push the
limit of accelerating MRI (15,16,18). The proposed
method can be easily incorporated into these frame-
works and substitute the convention GA sampling to
further reduce scan time, should they be applied to
noncircular FOV imaging. It also requires very light
calculations, which can be computed on-the-fly to
allow interactive modifications of plane orientation
and FOV change.

CONCLUSIONS

We have demonstrated a simple solution to enable 2D
anisotropic FOV support for golden angle radial imag-
ing. This can reduce imaging times in many scenarios
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(abdomen, spine, etc.) where the object dimensions
are anisotropic, while still allowing for retrospective
selection of temporal resolution. It can be easily
extended to 3D stack-of-stars imaging and combined
with other acceleration techniques to further reduce
scan time.

APPENDIX

Elliptical FOV

Let a, b be the major and minor axes in pixel units:

FOV(8) = ab/+/a?sin2(0) + b2cos?(8) [A1]

For isotropic resolution, kn.x(0) is a constant, therefore,

£(8) x FOV(O +g) = ab/\/azsin2 (9 + ;) + b?cos? (9 +g)

cos®(0)

_ 1y - sin®(0)

a?

[A2]

After normalization (i.e., integral over [0 =) is 1), the nor-
malized spoke density is

£(0) = /00222(6)4_51'1“52(6)7 / / /00222(9)+sj1”52(6)7 do

[A3]

The angle for i™ GA spoke is given by 6[i] = F~(6'[i]), F(6)
is the cumulative distribution function:

ab (aszz)cos(zze)Jra“rsz i (6 1_ %
F(o) = [ f(0)do = - Sl
Ay/(a® — b?)cos(26) + a® + b?

[A3]

1
—6022«”4'% de, Feup is the elliptic

a2

where A= [7
integral of the first kind, and cannot be calculated ana-
lytically. Therefore, F~! cannot be expressed analytically
either.

Rectangular FOV

Let a, b be the long and short sides of the rectangle in
pixel units, similar to elliptical FOV, the normalized
spoke density is:

b/(2Acosb) 6 € [0,67)
a/(ZASlnG) 0 e [617 m — 61)
—b/(2Acosb) 6 € [m—0,,)

f(6) = [A4]

where  6; =atan(a/b), A= [(f(8)d6 = Fi(6;)+F,
(1T — 61) — F2(91) + Fg(’lT) - F3(’1T — 91), F1(9) zg(log(sm%
+cosd) — log(cosd — sin?)), F;(0) =2 (log(sin¥) — log
(cosl)), F5(0) = —Fy(6).
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The cumulative distribution function becomes:

0
Fo) = [ f(e)de
Fi(6) [0,61)

[A5]
F1(91)+F2(6) — Fz(91) 0 e [917 ’1T—01)

F1(01) + Fo(m —01) — F2(01) + F3(0)

- Fg(’ﬂ'— 61) [1T - 61,’17)

Although F(0) has a close form solution, F~! cannot be
expressed analytically.
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SUPPORTING INFORMATION

Additional Supporting Information may be found in the online version of
this article.

Figure S1. The benefit of elliptical FOV imaging increases with FOV asym-
metry. The plot shows the percentage of data needed for elliptical FOV
when compared with circular FOV radial sampling as a function of the
major and minor axes ratio, given the same undersampling factor.
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